In this paper, we will show that a 2b + b 2a + r (ab(a − b)) 2 ≤ 1 holds for all 0 ≤ a and 0 ≤ b with a + b = 1 and all 0 ≤ r ≤ 1/2. This gives the first example of a stronger inequality of a 2b + b 2a ≤ 1. c 2015 All rights reserved.
Introduction
The study of inequalities with power exponential functions is one of the active areas of research in the mathematical analysis. V. Cîrtoaje et al. [1, 2, 3, 4, 5, 6 ] studied some inequalities with power exponential functions. These problems of inequalities are very simple formula, but these proof are not as simple as it seems. It is noted that holds for all 0 ≤ a and 0 ≤ b with a + b = 2. These inequalities (1.1) and (1.2) are proved by V. Cîrtoaje et al. [2, 6] , respectively. In this paper, we will show that
holds for all 0 ≤ a and 0 ≤ b with a + b = 1 and all 0 ≤ r ≤ 1/2, which is a stronger inequality of
The above inequality (1.4) is Conjecture 4.8 in [2] and proved by V. Cîrtoaje [3] . The following is our main theorem.
Theorem 1.1. For all 0 ≤ a and 0 ≤ b with a + b = 1 and all 0 ≤ r ≤ 1/2, the inequality (1.3) holds.
This gives the first example of a stronger inequality of (1.4).
Proof of Theorem 1.1
Proof. Without loss of generically, we assume that
Applying Lemma 7.1 in [3] , we have
and since the inequality (1.3) is strictly increasing for 0 ≤ r ≤ 1/2, it suffices to show that
We assume that a = (1 + t)/2 and b = (1 − t)/2, where 0 ≤ t ≤ 1. Here, the inequality (2.1) is equivalent to
Moreover, from Lemma 2.1 in [6] , we have
and by the well known fact we have
Therefore, it suffices to show that
We have the fourth derivated function
Then, we have derivatives
we have 
We setf (t) = 13 − 12t − 80t 2 + 400t Hence, we can get f (6) (t) < 0.
Thus, f (5) (t) is strictly decreasing for 0 < t < 1. We have f (5) (t) = −16200 + 151200(1 + 2t)(ln 2)
− 10800 11 + 84t + 98t 2 (ln 2) Since f (5) (t) is strictly decreasing for 0 < t < 1, there exists uniquely a real number 0 < t 1 < 1 such that f (5) (t 1 ) = 0. Since f (5) (t) > 0 for 0 < t < t 1 and f (5) (t) < 0 for t 1 < t < 1, f (4) (t) is strictly increasing for 0 < t < t 1 and f (4) (t) is strictly decreasing for t 1 < t < 1. We have Since f (4) (t) is strictly increasing for 0 < t < t 1 and f (4) (t) is strictly decreasing for t 1 < t < 1, there exists uniquely a real number t 1 < t 2 < 1 such that f (4) (t 2 ) = 0. Since f (4) (t) > 0 for 0 < t < t 2 and f (4) (t) < 0 for t 2 < t < 1, f (3) (t) is strictly increasing for 0 < t < t 2 and f (3) (t) is strictly decreasing for t 2 < t < 1. We have Since f (3) (t) is strictly decreasing for 0 < t < t 2 and f (3) (t) is strictly decreasing for t 2 < t < 1, there exists uniquely a real number 0 < t 3 < t 2 such that f (3) (t 3 ) = 0. Since f (3) (t) < 0 for 0 < t < t 3 and f (3) (t) > 0 for t 3 < t < 1, f (2) (t) is strictly decreasing for 0 < t < t 3 and f (2) (t) is strictly increasing for t 3 < t < 1. We have Since f (2) (t) is strictly decreasing for 0 < t < t 3 and f (2) (t) is strictly increasing for t 3 < t < 1, there exists uniquely a real number t 3 < t 4 < 1 such that f (2) (t 4 ) = 0. Since f (2) (t) < 0 for 0 < t < t 4 and f (2) (t) > 0 for t 4 < t < 1, f (t) is strictly decreasing for 0 < t < t 4 and f (t) is strictly increasing for t 4 < t < 1. We have
Since f (t) is strictly decreasing for 0 < t < t 5 and f (t) is strictly increasing for t 5 < t < 1, we have only two real numbers a 1 and a 2 with 0 < a 1 < 1/2 < a 2 < 1 such that f (a 1 ) = 0 and f (a 2 ) = 0. Since f (t) > 0 for all 0 < t < a 1 , a 2 < t < 1 and f (t) < 0 for all a 1 < t < a 2 , F (3) (t) is strictly increasing for 0 < t < a 1 , a 2 < t < 1 and F (3) (t) is strictly decreasing for a 1 < t < a 2 . We have
We have Since we have only two real numbers a 3 and a 4 with 0 < a 3 < 1/2 and 1/2 < a 4 < 1 such that F (3) (a 3 ) = 0 and F (3) (a 4 ) = 0, F (3) (t) < 0 for all 0 < t < a 3 , a 4 < t < 1 and F (3) (t) > 0 for all a 3 < t < a 4 . Therefore, F (2) (t) is strictly decreasing for 0 < t < a 3 , a 4 < t < 1 and F (2) (t) is strictly increasings for a 3 < t < a 4 . We have
,
We have Since we have only two real numbers a 5 and a 6 with 0 < a 5 < 1/2 and 1/2 < a 6 < 1 such that F (2) (a 5 ) = 0 and F (2) (a 6 ) = 0, F (2) (t) < 0 for all 0 < t < a 5 , a 6 < t < 1 and F (2) (t) > 0 for all a 5 < t < a 6 . Therefore, F (t) is strictly decreasing for 0 < t < a 5 , a 6 < t < 1 and F (t) is strictly increasing for a 5 < t < a 6 . We have We have F (0) = 0 and F (1) = 0.
Since there exists uniquely a real number a 7 with 0 < a 7 < 1 such that F (a 7 ) = 0, F (t) is strictly decreasing for 0 < t < a 7 and F (t) is strictly increasing for a 7 < t < 1 Hence, we can get F (t) ≤ max{F (0), F (1)}.
Since F (0) = F (1) = 0, we have F (t) ≤ 0 for all 0 ≤ t ≤ 1. Therefore, the proof of Theorem 1.1 is completed.
Problem 2.1. What is the maximum value of a nonnegative real number r in the inequality a 2b + b 2a + r (ab(a − b)) 2 ≤ 1 for all nonnegative real numbers a and b with a + b = 1 ?
